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UNIVERSAL BOUNDS FOR EIGENVALUES
OF A BUCKLING PROBLEM II
QING-MING CHENG* AND HONGCANG YANG**
Abstract. In this paper, we investigate universal estimates for eigenvalues of
a buckling problem. For a bounded domain in a Euclidean space, we give a
positive contribution for obtaining a sharp universal inequality for eigenvalues of
the buckling problem. For a domain in the unit sphere, we give an important
improvement on the results of Wang and Xia [20].
1. Introduction
LetM be an n-dimensional complete Riemannian manifold and Ω ⊂M a bounded
domain in M with piecewise smooth boundary ∂Ω. A Dirichlet eigenvalue problem
of Laplacian is given by
(1.1)
{ △u = −λu, in Ω,
u = 0, on ∂Ω,
which is also called a fixed membrane problem, where ∆ denotes the Laplacian on
M . The spectrum of this eigenvalue problem is real and discrete.
The following eigenvalue problem of a biharmonic operator is called a buckling
problem:
(1.2)


∆2u =− Λ∆u in Ω,
u|∂Ω = ∂u
∂ν
∣∣∣∣
∂Ω
= 0,
which describes the critical buckling load of a clamped plate subjected to a uniform
compressive force around its boundary, where ν is the outward unit normal vector
field of the boundary ∂Ω. It is known that the spectrum of the buckling problem is
also real and discrete.
Key words and phrases: universal estimates for eigenvalues, a biharmonic operator and a buck-
ling problem.
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When Ω ⊂ Rn be a bounded domain in an n-dimensional Euclidean space Rn,
Payne, Po´lya and Weinberger [17] and [18] proved the following inequality for eigen-
values of the eigenvalue problem (1.1): for k = 1, 2, · · · ,
(1.3) λk+1 − λk ≤ 4
kn
k∑
i=1
λi.
One calls it a universal inequality since it does not depend on the domain Ω.
On the other hand, Payne, Po´lya and Weinberger [17] and [18] also studied eigen-
values of the buckling problem on a bounded domain Ω in Rn and intended to derive
a universal inequality for eigenvalues of the buckling problem. But it is very hard
to deal with this problem. They only proved, for n = 2,
Λ2 ≤ 3Λ1.
As an open problem, Payne, Po´lya and Weinberger [17] and [18] proposed the fol-
lowing:
Problem. Whether can one obtain a universal inequality for eigenvalues of the
buckling problem (1.2) on a bounded domain in a Euclidean space, which is similar
to the universal inequality (1.3) for the eigenvalues of the fixed membrane problem
(1.1) ?
For lower order eigenvalues, Hile and Yeh [14] and so on improved the result of
Payne, Po´lya and Weinberger to
Λ2 ≤ n
2 + 8n+ 20
(n+ 2)2
Λ1.
Furthermore, Ashbaugh [3] (cf. [2]) has obtained
n∑
i=1
Λi+1 ≤ (n+ 4)Λ1
and he has commented that to obtain a universal inequality for eigenvalues of the
buckling problem remains a challenge for mathematicians since 1955. Many math-
ematicians have intended to attack this problem, but it remains open for almost 50
years.
As one know that in order to obtain a universal inequality for eigenvalues of
the buckling problem, it is a key to find appropriate trial functions. Cheng and
Yang [8], by introducing a new method to construct trial functions for the buckling
problem, have obtained the following universal inequality for eigenvalues of the
buckling problem (1.2):
(1.4)
k∑
i=1
(Λk+1 − Λi)2 ≤ 4(n+ 2)
n2
k∑
i=1
(Λk+1 − Λi)Λi.
Thus, the problem proposed by Payne, Po´lya and Weinberger has been solved affir-
matively. By making use of the asymptotic formula of Weyl for eigenvalues of the
Dirichlet eigenvalue problem of the Laplacian and one of Agmon [1] and Pleijel [19]
for eigenvalues of the clamped plate problem, we can have the asymptotic formula
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of eigenvalues for the buckling problem according to the variational characterization
for eigenvalues of the buckling problem:
(1.5) Λk ∼ 4π
2
(ωnvolΩ)
2
n
k
2
n , k →∞,
where ωn denotes the volume of the unit ball inR
n. By the results of Li and Yau [16]
and the variational characterization for eigenvalues, one can obtain a lower bound
for eigenvalues of the buckling problem (cf. Levine and Protter [15]):
(1.6)
1
k
k∑
j=1
Λj ≥ n
n+ 2
4π2
(ωnvolΩ)
2
n
k
2
n .
On the other hand, by making use of the recursion formula in [9], one can obtain
an upper bound for eigenvalues of the buckling problem, which is sharp in the sense
of the order of k, if one can get a sharp universal inequality for eigenvalues of the
buckling problem as the following (cf. [8]):
Conjecture. Eigenvalues of the buckling problem on a bounded domain in a Eu-
clidean space Rn satisfy the following universal inequality:
k∑
i=1
(Λk+1 − Λi)2 ≤ 4
n
k∑
i=1
(Λk+1 − Λi)Λi.
Therefore, the next landmark goal for the study on eigenvalues of the buckling
problem will be to prove the above sharp universal inequality.
In [8], we decompose xp∇ui into
(1.7) xp∇ui = ∇hpi +wpi,
where the notations used may be found in section 2. We make use of the function
hip to construct appropriate trial functions. In order to get our universal inequality,
we estimated L2-norm of wpi in [8]. As one knows that to find new appropriate trial
functions is very difficult, many years were spent for constructing appropriate trial
functions in [8]. In this paper, we shall also use the trial functions constructed in [8]
and our main observation is to introduce new functions qpi and a careful exploitation
of ∇qpi = ∇(xpui − hpi) and ∆wpi. Furthermore, the estimate on lower bound of
L2-norm of ∇qpi will play an important role in the proof of our theorem 1.1. In this
paper, we will prove
Λi
n∑
p=1
‖∇qpi‖2 ≥ 5
3
.
If one can prove that L2-norm of ∇qpi satisfies
(1.8) Λi
n∑
p=1
‖∇qpi‖2 ≥ 3,
then the sharp universal inequality in the above conjecture will be obtained (see
the remark 2.1 in section 2). In order to prove the inequality (1.8), we have spent
several years. But we still can not prove it. Hence, we hope to share our new ideas
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with mathematicians who are interested in this field such that the landmark goal in
the study on eigenvalues of the buckling problem will be realized finally, which also
is one of our main purposes to publish this paper.
Theorem 1.1. Let Λi be the i-th eigenvalue of the buckling problem (1.2) for a
bounded domain Ω ⊂ Rn. Then, we have
(1.9)
k∑
i=1
(Λk+1 − Λi)2 ≤
4(n+ 4
3
)
n2
k∑
i=1
(Λk+1 − Λi)Λi.
Remark 1.1. Since our universal inequality is a quadratic inequality of the eigen-
value Λk+1, we can conclude an upper bound of the gap between two consecutive
eigenvalues as in [8] from (1.9). We will not give it in details.
When M is an n-dimensional unit sphere Sn(1), Wang and Xia [20] have studied
the buckling problem on a domain Ω in Sn(1). They have obtained a universal
inequality for eigenvalues of the buckling problem, namely, they have proved that
eigenvalues of the buckling problem (1.2) on a domain Ω in the unit sphere Sn(1)
satisfy
(1.10)
2
k∑
i=1
(Λk+1 − Λi)2
≤
k∑
i=1
(Λk+1 − Λi)2
{
δΛi +
δ2
(
Λi − (n− 2)
)
4(δΛi + n− 2)
}
+
1
δ
k∑
i=1
(Λk+1 − Λi)(Λi + (n− 2)
2
4
),
where δ is an arbitrary positive constant.
According to our knowledge, we think that eigenvalues of the buckling problem
on a domain in Sn(1) should satisfy
k∑
i=1
(Λk+1 − Λi)2 ≤ 4
n
k∑
i=1
(Λk+1 − Λi)(Λi + n
2
4
).
Since one needs to use covariant derivative for the unit sphere, in order to exchange
the orders of covariant derivatives, one must use the Bochner formula, which is
different from the case of the Euclidean spaces. Thus, one needs to deal with the
terms of Ricci curvature. Hence, it will be a very hard work to obtain the above
universal inequality. The second purpose in this paper is to give an important
improvement for the result of Wang and Xia.
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Theorem 1.2. Eigenvalues Λi’s of the buckling problem (1.2) on a domain Ω in the
unit sphere Sn(1) satisfy
(1.11)
2
k∑
i=1
(Λk+1 − Λi)2 + (n− 2)
k∑
i=1
(Λk+1 − Λi)2
Λi − (n− 2)
≤
k∑
i=1
(Λk+1 − Λi)2
{
Λi − n− 2
Λi − (n− 2)
}
δi
+
k∑
i=1
(Λk+1 − Λi)
δi
(Λi +
(n− 2)2
4
)
for an arbitrary positive non-increasing monotone sequence {δi}ki=1.
Remark 1.2. It is obvious that our result is sharper than one of Wang and Xia
[20] even if we take δi = δ for any i. Since our universal inequality is a quadratic
inequality of Λk+1, we can obtain an explicit upper bound for the eigenvalue Λk+1
from (1.11).
In particular, when n = 2, we have
Corollary 1.1. Eigenvalues Λi’s of the buckling problem (1.2) on a domain Ω in
the unit sphere S2(1) satisfy
(1.12)
k∑
i=1
(Λk+1 − Λi)2 ≤
k∑
i=1
(Λk+1 − Λi)Λ2i .
Proof. Since n = 2, from the theorem 1.2 and taking δi =
1
Λi
, for i = 1, 2, · · · , k, for
which {δi}ki=1 is a positive non-increasing monotone sequence, we finish the proof of
the corollary 1.1. 
Remark 1.3. About the recent developments in universal inequalities for eigenvalues
of the Dirichlet eigenvalue problem of the Laplacian and the clamped plate problem,
readers can see [4], [5], [6], [7], [9], [12], [13] and [21].
Acknowledgements. We would like to express our gratitude to the referee for valuable
comments and suggestions.
2. Proof of the theorem 1.1
For the convenience of readers, we review the method for constructing trial func-
tions introduced by Cheng and Yang [8]. In this section, Ω is assumed to be a
bounded domain in Rn. For functions f and h, we define Dirichlet inner product
(f, h)D of f and h by
(f, h)D =
∫
Ω
〈∇f,∇h〉.
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Dirichlet norm of a function f is defined by
||f ||D = {(f, f)D}1/2 =
(∫
Ω
n∑
α=1
|∇αf |2
)1/2
.
Let ui be the i-th orthonormal eigenfunction of the buckling problem (1.2) corre-
sponding to the eigenvalue Λi, namely, ui satisfies
(2.1)


∆2ui = −Λi∆ui in Ω,
ui|∂Ω = ∂ui∂ν
∣∣
∂Ω
= 0
(ui, uj)D =
∫
Ω
〈∇ui,∇uj〉 = δij .
H22 (Ω) defined by
H22 (Ω) = {f : f,∇αf,∇α∇βf ∈ L2(Ω), α, β = 1, . . . , n}
is a Hilbert space with norm ‖ · ‖2:
‖f‖2 =
(∫
Ω
|f |2 +
∫
Ω
|∇f |2 +
n∑
β,α=1
(∇α∇βf)2
)1/2
.
Let H22,D(Ω) be a subspace of H
2
2 (Ω)defined as
H22,D(Ω) =
{
f ∈ H22 (Ω) : f |∂M =
∂
∂ν
f
∣∣∣∣
∂Ω
= 0
}
.
The biharmonic operator ∆2 defines a self-adjoint operator acting on H22,D(Ω) with
discrete eigenvalues {0 < Λ1 ≤ Λ2 ≤ · · · ≤ Λk ≤ · · · } for the buckling problem (1.2)
and the eigenfunctions defined in (2.1)
{ui}∞i=1 = {u1, u2, · · · , uk, · · · }
form a complete orthogonal basis for Hilbert space H22,D(Ω). We define an inner
product (f ,h) for vector-valued functions f = (f 1, f 2, · · · , fn) ∈ Rn and h =
(h1, h2, · · · , hn) ∈ Rn by
(f ,h) ≡
∫
Ω
〈f ,h〉 =
∫
Ω
n∑
α=1
fαhα.
The norm of f is defined by
‖f‖ = (f , f)1/2 =
{∫
Ω
n∑
α=1
(fα)2
}1/2
.
Denote a Hilbert space H21(Ω) of the vector-valued functions as
H21(Ω) = {f : fα,∇βfα ∈ L2(Ω), for α, β = 1, . . . , n}
with norm ‖ · ‖1:
‖f‖1 =
(
‖f‖2 +
∫
Ω
n∑
α,β=1
|∇αfβ|2
)1/2
.
Let H21,D(Ω) ⊂ H21(Ω) be a subspace of H21(Ω) spanned by the vector-valued func-
tions {∇ui}∞i=1, which form a complete orthonormal basis of H21,D(Ω).
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It is easy to see that for any f ∈ H22,D(Ω), ∇f ∈ H21,D(Ω) and for any h ∈ H21,D(Ω),
there exists a function f ∈ H22,D(Ω) such that h = ∇f .
Let xp for p = 1, 2, · · · , n be the p-th coordinate function of Rn. For the vector-
valued function xp∇ui, i = 1, . . . , k, we decompose it into
(2.2) xp∇ui = ∇hpi +wpi,
where hpi ∈ H22,D(Ω) and ∇hpi is the projection of xp∇ui onto H21,D(Ω) and wpi ⊥
H21,D(Ω). Thus,
(2.3) (wpi,∇u) =
∫
Ω
n∑
j=1
w
j
pi∇ju = 0, for any u ∈ H22,D(Ω).
Therefore, since H22,D(Ω) is dense in L
2(Ω) and C1(Ω) is dense in L2(Ω), we have,
for any function h ∈ C1(Ω) ∩ L2(Ω),
(2.4) (wpi,∇h) = 0.
Hence, from the definition of wpi and (2.4), we have
(2.5)
{
wpi|∂Ω = 0,
‖ divwpi‖2 = 0, ( divwpi ≡
∑n
j=1∇jwjpi).
We define function ϕpi by
(2.6) ϕpi = hpi −
k∑
j=1
bpijuj,
where
bpij =
∫
xp〈∇ui,∇uj〉 = bpji.
It is easy to check, from the definition (2.2) of hpi, that ϕpi satisfies
(2.7) ϕpi|∂Ω = ∂ϕpi
∂ν
|∂Ω = 0 and (ϕpi, uj)D = (∇ϕpi,∇uj) = 0,
for any j = 1, 2, · · · , k. Hence, we know that ϕpi is a trial function.
In order to prove our theorem 1.1, we prepare three lemmas.
Lemma 2.1. For any p and i, we have
(2.8) 1 + 2‖〈∇xp,∇ui〉‖2 = 2
∫
xpui〈∇xp,∇(∆ui)〉.
Proof. From the Stokes’ formula, we have∫
〈xpui∇xp,∇(∆ui)〉
= −
∫
div(xpui∇xp)∆ui
= −
∫
ui∆ui −
∫
xp∆ui〈∇xp,∇ui〉,
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xp∆ui〈∇xp,∇ui〉
= −
∫
〈∇xp,∇ui〉2 −
∫
xp〈∇ui,∇〈∇xp,∇ui〉〉
= −‖〈∇xp,∇ui〉‖2 +
∫
div(xp∇〈∇xp,∇ui〉)ui
= −‖〈∇xp,∇ui〉‖2 +
∫
〈∇xp,∇〈∇xp,∇ui〉〉ui +
∫
xpui∆〈∇xp,∇ui〉
= −‖〈∇xp,∇ui〉‖2 −
∫
〈∇xp,∇ui〉2 +
∫
xpui〈∇xp,∇(∆ui)〉.
Since ‖∇ui‖2 = 1, we have
1 + 2‖〈∇xp,∇ui〉‖2 = 2
∫
xpui〈∇xp,∇(∆ui)〉.

According to xp∇ui = ∇hpi +wpi and ∇(xpui) ∈ H21,D(Ω), we have
(2.9) ui∇xp = ∇(xpui)−∇hpi −wpi = ∇qpi −wpi
with ∇qpi = ∇(xpui)−∇hpi and qpi ∈ H22,D(Ω). Hence, we derive
(2.10) ‖ui‖2 = ‖∇qpi‖2 + ‖wpi‖2.
Lemma 2.2. For any p and i,
(2.11) 3‖〈∇xp,∇ui〉‖2 − 2Λi‖∇qpi‖2 = 1
2
− 1
2
Λi‖ui‖2.
Proof. Since, from the Stokes’ formula,∫
xpui〈∇xp,∇(∆ui)〉
=
∫
∆(xpui)〈∇xp,∇ui〉
= −
∫
〈ui∇xp,∇
(
∆(xpui)
)〉
= −
∫
〈∇qpi,∇
(
∆(xpui)
)〉 (from (2.4) and (2.9))
=
∫
qpi∆
2(xpui)
=
∫
qpi
(
4〈∇xp,∇(∆ui)〉 − Λixp∆ui
)
= −4
∫
∆ui〈∇qpi,∇xp〉 − Λi
∫
qpix
p∆ui
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and
− Λi
∫
qpix
p∆ui
= Λi
∫
〈∇qpi, xp∇ui〉+ Λi
∫
qpi〈∇xp,∇ui〉
= Λi
∫
〈∇qpi, xp∇ui〉 − Λi
∫
〈∇qpi, ui∇xp〉
= Λi
∫
〈∇qpi, xp∇ui〉 − Λi‖∇qpi‖2,
− 4
∫
∆ui〈∇qpi,∇xp〉
= −4
∫
〈∇(∆qpi), ui∇xp〉
= 4
∫
∆qpi〈∇xp,∇ui〉
= −4
∫
〈∇qpi,∇〈∇xp,∇ui〉〉
= −4
∫
〈ui∇xp,∇〈∇xp,∇ui〉〉
= 4‖〈∇xp,∇ui〉‖2,
we obtain
(2.12)∫
xpui〈∇xp,∇(∆ui)〉 = 4‖〈∇xp,∇ui〉‖2 + Λi
∫
〈∇qpi, xp∇ui〉 − Λi‖∇qpi‖2.
From the lemma 2.1 and the above equality, we have
(2.13) 6‖〈∇xp,∇ui〉‖2 − 2Λi‖∇qpi‖2 − 1 = −2Λi
∫
〈∇qpi, xp∇ui〉.
Furthermore, from (2.4), xp∇ui = ∇hpi +wpi and ∇qpi = ∇(xpui)−∇hpi, we have
(2.14)
∫
〈∇qpi, xp∇ui〉
=
∫
〈∇qpi,∇hpi〉
=
∫
〈∇qpi,∇(xpui)−∇qpi〉
=
∫
〈∇qpi,∇(xpui)〉 − ‖∇qpi‖2
=
∫
〈ui∇xp,∇(xpui)〉 − ‖∇qpi‖2
= ‖ui‖2 +
∫
〈ui∇xp, xp∇ui〉 − ‖∇qpi‖2.
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Since ∫
〈ui∇xp, xp∇ui〉 = −‖ui‖2 −
∫
〈ui∇xp, xp∇ui〉,
we obtain ∫
〈ui∇xp, xp∇ui〉 = −1
2
‖ui‖2.
According to (2.13) and (2.14), we have
3‖〈∇xp,∇ui〉‖2 − 2Λi‖∇qpi‖2 = 1
2
− 1
2
Λi‖ui‖2.
It finishes the proof of the lemma 2.2. 
Lemma 2.3. For any i,
(2.15) Λi
n∑
p=1
‖wpi‖2 ≥ (n− 1)
holds.
Proof. Since
(2.16) ∇β(xp∇αui)−∇α(xp∇βui) = ∇βwαpi −∇αwβpi,
where wαpi = x
p∇αui − ∇αhpi denotes the α-th component of wpi, we infer, from
div(wpi) = 0,
(2.17)
‖∇wpi‖2 =
n∑
α,β=1
‖∇αwβpi‖2
=
1
2
n∑
α,β=1
‖∇βwαpi −∇αwβpi‖2 + ‖div(wpi)‖2
=
1
2
n∑
α,β=1
‖∇β(xp∇αui)−∇α(xp∇βui)‖2
=1− ‖∇pui‖2.
Furthermore, we have
∆wαpi
= ∆(xp∇αui −∇αhpi)
= ∆(xp∇αui)−∇α
(
div(∇hpi)
)
= ∆(xp∇αui)−∇α
(
div(xp∇ui)
)
= ∇p∇αui −∇αxp∆ui.
Thus, we obtain
(2.18) ∆wpi = ∇〈∇xp,∇ui〉 −∆ui∇xp.
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For any positive constant ǫi, we have
(2.19)
‖∇wpi‖2 = −
∫
〈wpi,∆wpi〉
= −
∫
〈wpi,∇〈∇xp,∇ui〉 −∆ui∇xp〉
≤ ǫi
2
‖wpi‖2 + 1
2ǫi
‖∇〈∇xp,∇ui〉 −∆ui∇xp‖2.
Since, from (2.17),
n∑
p=1
‖∇wpi‖2 = n− 1,
n∑
p=1
‖∇〈∇xp,∇ui〉‖2 = Λi,
by taking sum on p from 1 to n for (2.19), we have
(n− 1) ≤ ǫi
2
n∑
p=1
‖wpi‖2 + n− 1
2ǫi
Λi.
Putting
ǫi =
√
(n− 1)Λi∑n
p=1 ‖wpi‖2
,
we obtain
Λi
n∑
p=1
‖wpi‖2 ≥ (n− 1).
It completes the proof of the lemma 2.3. 
Proof of Theorem 1.1. Since ϕpi is a trial function, from the Rayleigh-Ritz inequality,
we have
(2.20) Λk+1‖∇ϕpi‖2 ≤
∫
ϕpi∆
2ϕpi = −
∫
∇ϕpi · ∇(∆ϕ)pi.
By making use of the same arguments as in Cheng and Yang [8], we have, for any
p and i,
(2.21) (Λk+1−Λi)‖∇ϕpi‖2 ≤ 1+3‖∇pui‖2−Λi(‖ui‖2−‖wpi‖2)+
k∑
j=1
(Λi−Λj)b2pij.
(2.22) 1 + 2
k∑
j=1
bpijcpij = −2
∫
Ω
〈∇ϕpi,∇〈∇xp,∇ui〉〉,
where
cpij =
∫
〈∇〈∇xp,∇ui〉,∇uj〉 = −cpji.
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Hence, we have, for any positive constant δi,
(Λk+1 − Λi)2(1 + 2
k∑
j=1
bpijcpij)
= (Λk+1 − Λi)2
∫
Ω
−2〈∇ϕpi,∇〈∇xp,∇ui〉 −
k∑
j=1
cpij∇uj〉
≤ δi(Λk+1 − Λi)3‖∇ϕpi‖2 + 1
δi
(Λk+1 − Λi)
(
‖∇〈∇xp,∇ui〉‖2 −
k∑
j=1
c2pij
)
.
From (2.21) and ‖ui‖2 = ‖∇qpi‖2 + ‖wpi‖2, we obtain
(2.23)
(Λk+1 − Λi)2(1 + 2
k∑
j=1
bpijcpij)
≤ δi(Λk+1 − Λi)2
(
1 + 3‖∇pui‖2 − Λi‖∇qpi‖2 +
k∑
j=1
(Λi − Λj)b2pij.
)
+
1
δi
(Λk+1 − Λi)
(
‖∇〈∇xp,∇ui〉‖2 −
k∑
j=1
c2pij
)
.
By taking sum on p from 1 to n, we derive
(2.24)
(Λk+1 − Λi)2(n+ 2
n∑
p=1
k∑
j=1
bpijcpij)
≤ δi(Λk+1 − Λi)2
(
n + 3− Λi
n∑
p=1
‖∇qpi‖2 +
n∑
p=1
k∑
j=1
(Λi − Λj)b2pij.
)
+
1
δi
(Λk+1 − Λi)
(
Λi −
n∑
p=1
k∑
j=1
c2pij
)
.
From the lemma 2.2, the lemma 2.3 and
‖ui‖2 = ‖∇qpi‖2 + ‖wpi‖2,
we infer
Λi
n∑
p=1
‖∇qpi‖2 ≥ 5
3
.
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Thus, we obtain, for any i,
(2.25)
(Λk+1 − Λi)2(n+ 2
n∑
p=1
k∑
j=1
bpijcpij)
≤ δi(Λk+1 − Λi)2
(
n +
4
3
+
n∑
p=1
k∑
j=1
(Λi − Λj)b2pij
)
+
1
δi
(Λk+1 − Λi)
(
Λi −
n∑
p=1
k∑
j=1
c2pij
)
.
By taking sum for i from 1 to k and noticing that bpij is symmetric and cpij is
antisymmetric on i, j, we have
(2.26)
n
k∑
i=1
(Λk+1 − Λi)2 − 2
n∑
p=1
k∑
i,j=1
(Λk+1 − Λi)(Λi − Λj)bpijcpij
≤ (n+ 4
3
)
k∑
i=1
δi(Λk+1 − Λi)2 +
k∑
i=1
1
δi
(Λk+1 − Λi)Λi
−
n∑
p=1
k∑
i,j=1
δi(Λk+1 − Λi)(Λi − Λj)2b2pij −
k∑
i,j=1
1
δi
(Λk+1 − Λi)c2pij
+
n∑
p=1
k∑
i,j=1
δi(Λk+1 − Λi)(Λi − Λj)2b2pij
+
n∑
p=1
k∑
i,j=1
δi(Λk+1 − Λi)2(Λi − Λj)b2pij.
Since, for a non-increasing monotone sequence {δi}ki=1,
n∑
p=1
k∑
i,j=1
δi(Λk+1 − Λi)(Λi − Λj)2b2pij +
n∑
p=1
k∑
i,j=1
δi(Λk+1 − Λi)2(Λi − Λj)b2pij
=
1
2
n∑
p=1
k∑
i,j=1
(Λk+1 − Λi)(Λk+1 − Λj)(Λi − Λj)(δi − δj)b2pij ≤ 0.
We conclude from (2.26) and the above formula, for a non-increasing monotone
sequence {δi}ki=1,
n
k∑
i=1
(Λk+1 − Λi)2 ≤ (n+ 4
3
)
k∑
i=1
δi(Λk+1 − Λi)2 +
k∑
i=1
1
δi
(Λk+1 − Λi)Λi.
In particular, putting
δi =
n
2(n+ 4
3
)
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for any i, we obtain
k∑
i=1
(Λk+1 − Λi)2 ≤
4(n+ 4
3
)
n2
k∑
i=1
(Λk+1 − Λi)Λi.
This finishes the proof of the theorem 1.1.
✷
Remark 2.1. If one can prove, for any i,
Λi
n∑
p=1
‖∇qpi‖2 ≥ 3,
one will infer
k∑
i=1
(Λk+1 − Λi)2 ≤ 4
n
k∑
i=1
(Λk+1 − Λi)Λi,
which solves the conjecture.
3. Proof of the theorem 1.2
For the unit sphere
Sn(1) =
{
(x1, x2, · · · , xn+1) ∈ Rn+1;
n+1∑
i=1
(xp)2 = 1
}
,
we denote the induced metric on Sn(1) by the canonical metric 〈·, ·〉 on Rn+1 also.
For any p, we have
(3.1) ∇i∇jxp = −gijxp, ∆xp = −nxp,
where gij denotes components of the metric tensor of S
n(1). Let ui be the i-th or-
thonormal eigenfunction of the buckling problem (1.2) corresponding to the eigen-
value Λi, namely, ui satisfies
(3.2)


∆2ui = −Λi∆ui in Ω,
ui|∂Ω = ∂ui∂ν
∣∣
∂Ω
= 0
(ui, uj)D =
∫
Ω
〈∇ui,∇uj〉 = δij .
For constructing trial functions, we use the same notations as in the section 2. We
would like to remark that vector-valued functions in this section have n+1 compo-
nents. Although the orders of differentiations of functions in the Euclidean space can
be exchanged freely, we must do it very carefully for the covariant differentiations
of functions in the case of the unit sphere.
Since xp for p = 1, 2, · · · , n + 1 is a coordinate function of Rn+1, for the vector-
valued function xp∇ui, i = 1, . . . , k, we decompose it into
(3.3) xp∇ui = ∇hpi +wpi,
where hpi ∈ H22,D(Ω) and ∇hpi is the projection of xp∇ui onto H21,D(Ω) and wpi ⊥
H21,D(Ω). Thus, we have, for any function h ∈ C1(Ω) ∩ L2(Ω),
(3.4) (wpi,∇h) = 0.
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Hence, wpi satisfies
(3.5)
{
wpi|∂Ω = 0,
‖ divwpi‖2 = 0.
We define function ϕpi by
(3.6) ϕpi = hpi −
k∑
j=1
bpijuj,
where
bpij =
∫
xp〈∇ui,∇uj〉 = bpji.
It is easy to check that ϕpi satisfies
ϕpi|∂Ω = ∂ϕpi
∂ν
|∂Ω = 0 and (ϕpi, uj)D = (∇ϕpi,∇uj) = 0,
for any j = 1, 2, · · · , k, that is, ϕpi is a trial function. Since
∑n+1
p=1(x
p)2 = 1, from
(3.3), we have, for any i,
(3.7) 1 =
n+1∑
p=1
‖∇hpi‖2 +
n+1∑
p=1
‖wpi‖2.
Lemma 3.1. For any i, we have
(3.8)
n+1∑
p=1
‖wpi‖2 ≤ Λi − (n− 1)
Λi − (n− 2) .
Proof. From
∑n+1
p=1(x
p)2 = 1, we have
1 =
n+1∑
p=1
‖〈∇xp,∇ui〉‖2
= −
n+1∑
p=1
∫
xpdiv{〈∇xp,∇ui〉∇ui}
= −
n+1∑
p=1
∫
xp〈∇xp,∇ui〉∆ui −
n+1∑
p=1
∫
〈xp∇ui,∇〈∇xp,∇ui〉〉
= −
n+1∑
p=1
∫
〈∇hpi,∇〈∇xp,∇ui〉〉.
For any positive constant ǫi, we have
(3.9) 1 ≤ ǫi
n+1∑
p=1
‖∇hpi‖2 + 1
4ǫi
n+1∑
p=1
‖∇〈∇xp,∇ui〉‖2
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According to the following Bochner formula for a smooth function f :
1
2
∆|∇f |2 = |∇2f |2 + 〈∇f,∇(∆f)〉+ Ric(∇f,∇f)
= |∇2f |2 + 〈∇f,∇(∆f)〉+ (n− 1)|∇f |2,
where Ric and ∇2f denote the Ricci tensor of Sn(1) and the Hessian of f , respec-
tively, we can derive, from (3.1) and by making use of a direct computation,
(3.10) ∆〈∇xp,∇ui〉 = −2xp∆ui + 〈∇xp,∇(∆ui)〉+ (n− 2)〈∇xp,∇ui〉.
Hence, we have
n+1∑
p=1
‖∇〈∇xp,∇ui〉‖2
= −
n+1∑
p=1
∫
〈∇xp,∇ui〉∆〈xp,∇ui〉
= −
n+1∑
p=1
∫
〈∇xp,∇ui〉
{
−2xp∆ui + 〈∇xp,∇(∆ui)〉+ (n− 2)〈∇xp,∇ui〉
}
= −
n+1∑
p=1
{∫
〈∇xp,∇ui〉〈∇xp,∇(∆ui)〉+ (n− 2)〈∇xp,∇ui〉2
}
= −
∫
〈∇ui,∇(∆ui)〉 − (n− 2)‖∇ui‖2
= Λi − (n− 2),
that is,
(3.11)
n+1∑
p=1
‖∇〈∇xp,∇ui〉‖2 = Λi − (n− 2).
Here we have used
n+1∑
p=1
∫
〈∇xp,∇ui〉〈∇xp,∇(∆ui)〉 =
∫
〈∇ui,∇(∆ui)〉.
Therefore, from (3.9), we obtain
1 ≤ ǫi
n+1∑
p=1
‖∇hpi‖2 + 1
4ǫi
(
Λi − (n− 2)
)
From (3.7), we have
1 + ǫi
n+1∑
p=1
‖wpi‖2 ≤ ǫi + 1
4ǫi
(
Λi − (n− 2)
)
.
Taking
ǫi =
Λi − (n− 2)
2
,
we complete the proof of the lemma 3.1. 
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Proof of Theorem 1.2. By making use of the trial function ϕpi and the same argu-
mants as in Wang and Xia [20], we have, for any p and i,
(3.12) (Λk+1 − Λi)‖∇ϕpi‖2 ≤ Ppi + ‖〈∇xp,∇ui〉‖2 + Λi‖wpi‖2 +
k∑
j=1
(Λi − Λj)b2pij,
where
Ppi =
∫
〈∇(xp)2, ui∇(∆ui) + Λiui∇ui〉.
Defining
Zpi = ∇〈∇xp,∇ui〉 − n− 2
2
xp∇ui,
cpij =
∫
〈∇uj, Zpi〉 = −cpji
has been proved in Wang and Xia [20]. Since
γpi = −2
∫
〈xp∇ui, Zpi〉
= −2
∫
〈∇hpi +wpi, Zpi〉
= −2
∫
〈∇ϕpi +
k∑
j=1
bpij∇uj +wpi, Zpi〉
= −2
∫
〈∇ϕpi, Zpi −
k∑
j=1
cpij∇uj〉 − 2
k∑
j=1
bpijcpij + (n− 2)‖wpi‖2,
we have
γpi + 2
k∑
j=1
bpijcpij = −2
∫
〈∇ϕpi, Zpi −
k∑
j=1
cpij∇uj〉+ (n− 2)‖wpi‖2.
Hence, for any positive constant δi, we have, according to (3.12),
(3.13)
(Λk+1 − Λi)2
(
γpi + 2
k∑
j=1
bpijcpij
)
−(n− 2)(Λk+1 − Λi)2‖wpi‖2
≤ δi(Λk+1 − Λi)3‖∇ϕpi‖2 + 1
δi
(Λk+1 − Λi)
(
‖Zpi‖2 −
k∑
j=1
c2pij
)
≤ δi(Λk+1 − Λi)2
{
Ppi + ‖〈∇xp,∇ui〉‖2 + Λi‖wpi‖2 +
k∑
j=1
(Λi − Λj)b2pij
}
+
1
δi
(Λk+1 − Λi)
(
‖Zpi‖2 −
k∑
j=1
c2pij
)
.
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By taking sum on p from 1 to n, we derive
(3.14)
(Λk+1 − Λi)2
n+1∑
p=1
(
γpi + 2
k∑
j=1
bpijcpij
)
−(n− 2)(Λk+1 − Λi)2
n+1∑
p=1
‖wpi‖2
≤ δi(Λk+1 − Λi)2
n+1∑
p=1
{
Ppi + ‖〈∇xp,∇ui〉‖2
+ Λi‖wpi‖2 +
k∑
j=1
(Λi − Λj)b2pij
}
+
1
δi
(Λk+1 − Λi)
n+1∑
p=1
(
‖Zpi‖2 −
k∑
j=1
c2pij
)
.
Since
γpi = −2
∫
〈xp∇ui, Zpi〉
= −2
∫
〈xp∇ui,∇〈∇xp,∇ui〉 − n− 2
2
xp∇ui〉
= 2
∫
〈∇xp,∇ui〉2 + 2
∫
∆ui〈xp∇xp,∇ui〉+ (n− 2)
∫
(xp)2〈∇ui,∇ui〉,
we have
n+1∑
p=1
γpi = n
From the definition of Zpi, we have
n+1∑
p=1
‖Zpi‖2
=
n+1∑
p=1
∫
|∇〈∇xp,∇ui〉 − n− 2
2
xp∇ui|2
=
n+1∑
p=1
{
‖∇〈∇xp,∇ui〉‖2 − (n− 2)
∫
〈∇〈∇xp,∇ui〉, xp∇ui〉+ (n− 2)
2
4
‖xp∇ui‖2
}
= Λi +
(n− 2)2
4
(from (3.11)).
Since Ppi =
∫ 〈∇(xp)2, ui∇(∆ui) + Λiui∇ui〉, we have
n+1∑
p=1
Ppi = 0.
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From the lemma 3.1 and (3.14), we obtain
(Λk+1 − Λi)2
(
n + 2
n+1∑
p=1
k∑
j=1
bpijcpij
)
−(n− 2)(Λk+1 − Λi)2Λi − (n− 1)
Λi − (n− 2)
≤ δi(Λk+1 − Λi)2
{
1 + Λi
Λi − (n− 1)
Λi − (n− 2) +
n+1∑
p=1
k∑
j=1
(Λi − Λj)b2pij
}
+
1
δi
(Λk+1 − Λi)
(
Λi +
(n− 2)2
4
)
− 1
δi
(Λk+1 − Λi)
n+1∑
p=1
k∑
j=1
c2pij,
that is,
(3.15)
2(Λk+1 − Λi)2 + (n− 2)(Λk+1 − Λi)
2
Λi − (n− 2)
≤ δi(Λk+1 − Λi)2
{
Λi − (n− 2)
Λi − (n− 2)
}
+
1
δi
(Λk+1 − Λi)
(
Λi +
(n− 2)2
4
)
− 2(Λk+1 − Λi)2
n+1∑
p=1
k∑
j=1
bpijcpij + δi(Λk+1 − Λi)2
n+1∑
p=1
k∑
j=1
(Λi − Λj)b2pij
− 1
δi
(Λk+1 − Λi)
n+1∑
p=1
k∑
j=1
c2pij.
Since, for a non-increasing monotone sequence {δi}ki=1,
n∑
p=1
k∑
i,j=1
δi(Λk+1 − Λi)(Λi − Λj)2b2pij +
n∑
p=1
k∑
i,j=1
δi(Λk+1 − Λi)2(Λi − Λj)b2pij
=
1
2
n∑
p=1
k∑
i,j=1
(Λk+1 − Λi)(Λk+1 − Λj)(Λi − Λj)(δi − δj)b2pij ≤ 0
and
− 2
k∑
i=1
(Λk+1 − Λi)2
n+1∑
p=1
k∑
j=1
bpijcpij −
k∑
i=1
δi(Λk+1 − Λi)
n∑
p=1
k∑
j=1
(Λi − Λj)2b2pij
−
k∑
i=1
1
δi
(Λk+1 − Λi)
n+1∑
p=1
k∑
j=1
c2pij
= −
n∑
p=1
k∑
i,j=1
(√
δi(Λk+1 − Λi)(Λi − Λj)bpij − 1√
δi
√
(Λk+1 − Λi)cpij
)2
≤ 0,
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by taking sum on i from 1 to k for (3.15), we obtain
(3.16)
2
k∑
i=1
(Λk+1 − Λi)2 + (n− 2)
k∑
i=1
(Λk+1 − Λi)2
Λi − (n− 2)
≤
k∑
i=1
δi(Λk+1 − Λi)2
{
Λi − (n− 2)
Λi − (n− 2)
}
+
k∑
i=1
1
δi
(Λk+1 − Λi)
(
Λi +
(n− 2)2
4
)
.
It completes the proof of the theorem 1.2.
✷
References
[1] S. Agmon, On kernels, eigenvalues and eigenfunctions of operators related to elliptic problems,
Comm. Pure Appl. Math. 18 (1965), 627-663.
[2] M. S. Ashbaugh, Isoperimetric and universal inequalities for eigenvalues, in Spectral theory
and geometry (Edinburgh, 1998), E. B. Davies and Yu Safarov eds., London Math. Soc.
Lecture Notes, vol. 273, Cambridge Univ. Press, Cambridge, 1999, pp. 95-139.
[3] M. S. Ashbaugh, On universal inequalities for the low eigenvalues of the buckling problem.
Partial differential equations and inverse problems, 13–31, Contemp. Math., 362, Amer. Math.
Soc., Providence, RI, 2004.
[4] M. S. Ashbaugh and L. Hermi, A unified approach to universal inequalities for eigenvalues of
elliptic operators, Pacific J. Math. 217 (2004), 201-219.
[5] D. Chen and Q. -M. Cheng, Extrinsic estimates for eigenvalues of the Laplace operator, J.
Math. Soc. Japan 60 (2008), 325–339.
[6] Q. -M. Cheng, T. Ichikawa and S. Mametsuka, Estimates for eigenvalues of a clamped plate
problem on Riemannian manifolds, J. Math. Soc. Japan, 62 (2010), 673-686.
[7] Q. -M. Cheng and H. C. Yang, Estimates on Eigenvalues of Laplacian, Math. Ann., 331
(2005), 445-460.
[8] Q. -M. Cheng and H. C. Yang, Universal bounds for eigenvalues of a buckling problem,
Commn. Math. Phys., 262 (2006), 663-675.
[9] Q. -M. Cheng and H. C. Yang, Bounds on eigenvalues of Dirichlet Laplacian, Math. Ann.,
337 (2007), 159–175.
[10] Q. -M. Cheng and H. C. Yang, Estimates for eigenvalues on Riemannian manifolds, J. Diff.
Eqns., 247 (2009), 2270-2281.
[11] Q. -M. Cheng and H. C. Yang, Universal inequalities for eigenvalues of a clamped plate
problem on a hyperbolic space, Proc. Amer. Math. Soc., 139 (2011), 461-471.
[12] A. El Soufi, E. M. Harrell II and S. Ilias, Universal inequalities for the eigenvalues of Laplace
and Schro¨dinger operators on submanifolds, Trans. Amer. Math. Soc., 361 (2009), 2337-2350.
[13] E. M. Harrell II, Commutators, eigenvalue gaps and mean curvature in the theory of
Schro¨dinger operators, Comm. Part. Diff. Eqns., 32 (2007), 401-413.
[14] G. N. Hile and R. Z. Yeh, Inequalities for eigenvalues of the biharmonic operator, Pacific J.
Math. 112 (1984), 115-133.
[15] H. A. Levine and M. H. Protter, Unrestricted lower bounds for eigenvalues for classes of
elliptic equations and systems of equations with applications to problems in elasticity, Math.
Methods Appl. Sci. 7 (1985), no. 2, 210-222.
[16] P. Li and S. T. Yau, On the Schro¨dinger equations and the eigenvalue problem, Comm. Math.
Phys. 88 (1983), 309-318.
[17] L. E. Payne, G. Polya and H. F. Weinberger, Sur le quotient de deux fre´quences propres
conse´cutives, Comptes Rendus Acad. Sci. Paris, 241 (1955), 917–919.
UNIVERSAL BOUNDS FOR EIGENVALUES 21
[18] L. E. Payne, G. Po´lya and H. F. Weinberger, On the ratio of consecutive eigenvalues, J. Math.
and Phys. 35 (1956), 289–298.
[19] A. Pleijel, On the eigenvalues and eigenfunctions of elastic plates, Comm. Pure Appl. Math.,
3 (1950), 1-10.
[20] Q. Wang and C. Xia, Universal inequalities for eigenvalues of the buckling problem on spherical
domains, Commn. Math. and Phys. 270 (2007), 759-775.
[21] Q. Wang and C. Xia, Universal bounds for eigenvalues of the biharmonic operator on Rie-
mannian manifolds, J. Funct. Anal., 245 (2007), 334-352.
Qing-Ming Cheng: Department of Mathematics, Graduate School of Science and
Engineering, Saga University, Saga 840-8502, Japan. e-mail: cheng@cc.saga-u.ac.jp
Hongcang Yang: Academy of Mathematics and Systematical Sciences, CAS, Bei-
jing 100080, China. e-mail: yanghc2@netease.com
